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Abstract Symmetry Reduction

A permutation is a k-superpattern if it contains every permutation 4 For each subgroup G < Dy, relax to one pattern per G-orbit: « Dg gives a lattice of relaxations ag(k), from the classical m(k) to
of length k as a pattern. The minimal length m(k) is known only to e . .« e . o | the fully reduced problem.
satisfy k*(1/e2 + o(1)) < m(k) < [(k#+1)/2], and neither bound is 2 SELY I IRCIERE  E R ag(k) = minyn :37 € 5, containing a representative - Symmetry alone cannot beat k2: every as(k) = (1/e2 + o(1))k2.
. @) 0 . * .
- ' = °l I Ea ° f GG-orbit on S . .
Eharpl.DWe Stuc(IBy S%’:m dg;ry drelduced l;lax?.tlons a(k) ch(exed S r(0)=4132 (o) =3241 (o) =3124  ure(o) = 1342 OF GVELY SmOTBIL OLL Ok } « Savings must come from structure inside a subclass. For
y subgroups %5 orthe dihedral group Lg acling on permutation E involutions, counting allows order k32, far below k2/2.
plots, in which a container needs only one pattern from each G- . . N f\ . nvolut dered hi oringing RSK and
orbit. We show that symmetry alone cannot break the ol R RE - / . dr)vo utlort18 allret ont') ere rtr;]atc ings, bringing and arc-
quadratic barrier: counting still gives ag(k) = (1/e2 + o(1))k2 for g . ol o . fully reduced lagram tools 1o bear on the gap.
every G. Focusing on the inverse symmetry 1, whose orbits are £ elo)=2314 (o) =243 re(0) = 1423 uc(o) = 4213 \
involutions and inverse pairs, we split the problem in two. i ()
Because there are only about k! involutions, counting gives Dg = (r, ¢, 1) (reverse, complement, inverse) acting on g = 2314.
minv(k) > (e—3/2 + 0(1 ))k3/2, leaving room for sub-quadratic Every sy_mmetry preserves containment, so 1T is a k-superpattern - - - - The gap for involutions:
behavior, and the bijection between involutions and ordered «g(m) Is, for every g € D
matchings brings RSK and arc-diagram tools to the remaining | 2
3 . . . classical m(k) ]- | 0(1) k_3/2 < m (k‘) < k: —I_ 1
gap. Symmetry alone is not enough. Covering k!/|G| orbits: 3/2 | ~ inv ~
The subgroup lattice of Dg. (e) is the classical m(k); monotone: G < & 2
n* n k! (k)2 1/k H = a (k) < ag(k).
> P =
R (k) =g " F (|G|)
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Introduction w(k) 2 (5 +0(1)k for every G < Dy Open QueSthHS
= This work: G = (1) (the highlighted path). Its orbits on S, are
A permutation T € S, is an since (k!)?* ~ k?/e? and |G|~ — 1. Sub-k? savings must involutions (0 = 07", singletons) and inverse pairs {0, 0™} 3/
_ n come from structure inside a subclass. - ( ) — ( ) ?
orderingof 1, ..., n. ’ ® IS mmv k @ k y
. . pattern
T contains 0 € S, if some k ® — O, o « Computation: find m, (k) for k < 6. Does the k%2 scale appear?
entries of T appear in the same . ® The Involution Branch + Non-involution half: bound m', (k).
relative order as G. @ @ - Other fixed-point classes: permutations fixed by rc or irc, also = Vk!
m=35124 0c=213 singleton: o — o—1 pairs {1} Counting on m,_: need (n choose k) = |1 |. In nu.mber. | | |
35124 contains 213 (entries 3, 1, 4). ' - o o . s « Modify Engen—Vatter for involutions, perhaps reaching k32,
® ° ° S > B> (E1)3/2 > (Y
° ,/.. o L ° Kl — \k) — L] = n" 2 (K — M= (e)
T is a k-superpattern if it contains every o € =31 4 . o o
S,. We want the shortest one: n 2 e o .
m(k) = the length of the shortest k 12311 2 . - 1 3/2
a i = 3214 = 2314 -1 =3124 :
superpattern. 132113 2 7 ! ! mlIlV(k) Z ( 3/2 + 0(1)) k Acknowled ements
Example: 25314 contains all six patterns of 213 2 13 Involutions have plots symmetric about the diagonal; every other o € g
length 3, so m(3) < 5. 231123 ! is paired with its inverse by I. The only sub-k? counting bound in this framework. ) — - . .
312 3 1 2 Thank you to my advisor, Dr. Miklés Boéna, for his guidance and
391 3 9 1 _ mentorship throughout this research.
Involutions are rare (Moser-Wyman®*, Knuth®): only = k! Involutions are ordered matchings, and involution
Each row: one occurrence. of them k2 containment is induced sub-matching containment:
I (k/e) € i 1/k \/ki
: I~ g I~ Ve . f
(LN o R N Retferences
? + O( ) — m( ) — 9 Decompose by orbit type (concatenate two containers): . ’ ¢«
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